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a) (5%) Find an LU-Decomposition of the following matrix [—3 -8
4 9

b) (5%) Use the solution of part(a) to solve the following system of linear

equations

Zxy + 6x5 + 2x3 = 2
—3x; — 8%, = 2
4’X1_ + QX‘Z -+ 2X3 - 3

(No credit for other methods)

(@)
2 6 2 26 21 26 2
A=[-3 -8 08,20 1 3 Qo 1 3|=U
4 9 2 0 -3 —2| |0 o 7

% ROREVRGIA=U, B A=[RORCPRE®T'U = REVRIRMU,
1 0 ot o0t o o] [1 0 o0
B L=RGWRPRGY =|-15 1 00 1 oj0o 1 Of=-15 1 o0f
0 0 12 0 10 -3 1] | 2 =31

1 0 02 6 2
B A=LU=|-15 1 o]0 1 3|
2 -3 10 0 7

2
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o Ax=b< LUx =5,

Y 1 0 0y 2 Y 2
SlUx=y=\y, KM Ly=>b:|-15 1 0|y |=|2|%4F|r»,|=|5
Fi 2 -3 1__.)}3“ 73 3 14
7 2 6 2fx 2 x,] [2
HalUx=|y, BP0 1 3|x,|=|5|/AaF x |=-1
Vs 0 0 7|x 14 x| [ 2
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6. (10%) Let A = . Find the QR-decomposition of A.

= o O
O =
OB = =



1 -1 1
0 2 1 . _ N
Ly = Nich . LY, = . , A Gram — Schmidt process ¥t v,,v,,v; 1FiE 1L
1 0 0
1
0
u,=v = ; , <UL H > =2
1
-1 1] [2
<v,,u > 2 -1]0 2 11
uzzvzm - - = A <u7,a~,>:—.
<u,u > 1 20 1 o 2
0 1| |4
1 3 9
<v,u > <v,, U, > 1l 110 7/2(2] 1(|-3
u,=v, - - —u= Tl TTE T » < My, Uy
<u,u > <w,m,> " |2 2010 11/2| 1| 11{15 '
0 1 -9
W= 13 3
v, =3u +u, P A=y, v, v, =0 u,u,]0 1 5|
v,=+u +Lu,+u 0 0 1
1 - 3
N 1 Y Y e YN I eand RO
e Tag] O Mml Flmll= g F o 4o
B R LN N Il IO
vz 22 a4 ¥ '
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11
20. Diagonalize matrix A =[§ 51

— Uy

]; that is to find matrices P and D such that 4 = PDP7. Which values are

liot inP orDmatﬁces?
A 1/43. B._1/J8. C.2/J8. D.-1/2, E.15.

20. [##] £ (), (), (e).

B char (x) =det(A—xD)=...= (T —x)(4—x)(—4 —x), 154 : 7, 4, -4,
&R A HURFTHE a9 45 R B

-6 1 5 0 -11 11 1
V(iTy=ker(A-7D)=ker(( 1 -2 1 )=ker(l -2 1 ):Span({:/}__—l}),
5 1 -6 0 11 -11 31
- e
-3 1 5 0 4 8 ~1
Vid)=ker(Ad-4N=ker( 1 1 1 D=ker(1 1 1 ):Span({:/—l_— 2 1),
5 1 -3 0 -4 -8 6|
- \-—_v._._._d
515 0 —44 0 1 11
V(-4)=ker(A+4l)=ker((1 9 1D=ker((1 9 1|)=span({—=| 0 1}),
V2
515 0 -44 0 -1
e ———
=
V3 V6 V2 70 0
| 2
BRP=\——= —= 0 ||T4FD=0 4 0|
\/37 \/g 0 0 -4
L -1 2
V3 6 2]
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=LDLT.

6. (10%) Factor the matrix B into B

RyR,yA=U

= LU

A= R%?.R}zU

A=LDLT

O
— - O

- O O

o O b~
o AN O

0 O O

o O
O -

- - O

more

A= Lv/DvDLT

S~

- - O

A=LL"
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4. Consider the following matrix

12 -1
s [—2 1 ]
a) (5%) Find the eigenvalues and eigenvectors of ATA.

b) (7%) Compute the Singular Value Decomposition of A.
¢) (3%) Compute the rank 1 approximaticn of A.

(a)

. {2 mz}{z —1} {8 —4}

AT A= = ,
-1 1]-2 1 -4 2

-x -4
- }) = x(x—10), A % 10, 0.

— T — —
char ; (x)=det{(4" A—xI) det({ 4 g

V(10)=ker(ATA-10T) =ker > |- an| 2}}
(10) =ker( -100) = erm4 . =spanyl -

107-F+ EEL
8 -4 1
G :!. ATA—O = —
. 7 (0) = ker( I ]Lier[_4 2} Span{]:z}}.

HAUR 10, % e é@ﬁf&@%%ﬁ }m: 0;

BB O, % B s i B 2 [ Zj ££0.
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& (), %43 ARF R 0, =+10,0,=0,5 = [«/ﬁ O]B.EX.V [
0 -

arH s|~
s 5
L.m%.—l
?
f.

0
IR
%o Eu =y, = 2 THE|_ L]
g, \/—1—0- -2 1 J% 21—1 ’

; 2 -2 1 1 [1 * =
AT = = = :
ker(4") ker(L1 D span{m}, Exuz_ﬁm U=[u, u,]= [% % ]
w15

ARG

()
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20. Find a singular value decomposition 4 = UZ' V" with U and ¥ being both

32 2
orthogonal matrices, where A= [2 3 — 2] . Which values are notin Uor V

matrices?

@ 1/42 () 1/43.(0)1/2.(d) 1/3.(9) 1/(34/2).

Eoam @ﬁ-&f%ﬁ]

10. [#] (b), (c). [98 # & T 47 ]
|17 8
AA 2{8 17]“2%8 chan,(x) = x* —34x + 225, #F458U4R25,9.

w—.%Ae@%_,%{aq:s,afs,.-.z:[g 2 8}
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V(25) =ker(B—25I) = ker({_ll _IJ) = span{m} ;

V(9)=ker(B-91)= ker(i:: {|) = span{_ll}} ,

L
éinU:[“F
2
1 7
Xv=—Awu=
0,

BAEEN(A), N(A)= ker(B

0
)
~
I
< Sl- 5

7
-1
7

1
342
=L
34

4
W2

3]
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5. (104)Let M= [i

0

}=[u]uz],
B2l +] , 13 2 e |5e
Ll T, _ 2| -

g 2 3 |:\12:|— %,EIVZ;ZA uz—g 2 3 |:E:|— %,
2 0 2 -2 35

_ [—2

2 h=spanf 2

=SPan

2/ =% ’

- _l
=2 [ 4 ST
P E I I B
?"H‘A_i Lo 3 o2 2 3 =U2r.
1 V22 4o 4 1
3 L 32 3

4 :
}. (a) Determine whether A’ M is diagonalizable or not. If M™ M

is diagonalizable, find a diagonalization for it. (b) Find the singular value decomposition of

M.



3 5], 34 0 12
(@)M'M=|0 OJ[; 2 ﬂ[o 0 0)(2% A)ATHMAER, BTHA L
4 0 12 0 16
34-x 0 12
char,(x) =det(A—xI)=det(] 0 0 0 D=(0-x)[B4-x)16-x)—-144]
12 0 16—x

=(0—x)(x* =50x+400) = (0 — x)(10 — x)(40 — x), .. 25 #4482 0, 10, 40,

34 0 12 0
0694572 M V(0)=ker(A-0)=ker( 0 0 0 )=span{ 1|},
12 0 16 0

24 0 12 1
10 9452 7] V(10) = ker(A—107)=ker(| 0 —10 0 [y=span{| 0 [},
' 12 0 6 2

-6 0 12 2
40 B9 R Fa) V' (40) = ker(4 —401) = ker([ 0 -40 O ]) = span {[0},

12 0 -24 1
0 1 2 0 0 0

HEWP=|1 0 OT#HFP'AP=D=|0 10 0 |
0 -2 1 L 0 40

)
& (a) 4 MM #4047 40,10,0.
ﬁiﬁ%M%%}Mq:mﬁz:m,.-.z{m 0 0}
0 10 0
5 5 0
AM M BB aEREAREV =0 0 1|=[v v,n]
L =2 9

by

A5

1 1 || 1 1 |7 *
e My = ——| | My, =——| T | Bttt u =| 7 Lu
Jao ! 40[%} Jioo \/10{53 T

L =
LR U= [i “F} THEM=UZV BEM&FEE 5
NE)

V2
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5. (50%)Give the matrix M = |:0 ! J . Solve the following questions.

(2) {10%) Describe the nullspace of M. (The nullspace of M conststs of all solutions to Mx = 0.)
(b) (5%) Compute M'M and MM'.

(¢) (5%) Explain whether M"M is similar to MM,

(d) (10%) Compute the eigenvalues and eigenvectors of MTM.

(€) (10%) Diagonalize M M.

() (10%) Find the singular value decomposition of M.

(a) Nullspace of M

The nullspace N (M) is the set of all vectors x such that Mx = 0.

1 1 o] | o
o 1 1| [*]| " |o

3
J)1+LE2:0 — I = —I9y
To+x3 =0 — 3= —29
—cC 1
Let xo = c (free variable). Thenx = | ¢ | =c |—1
—C 1
. T
The nullspace is the span of the vector [1 —1 1} .
(b) Compute MT M and MM7T
1 0
MT =11 1
0 1

MTM (3 x 3):



MMT (2 x 2):
[1 1 0] i
0 1 1 0
(c)Is MT M similar to M MT?

No. Similar matrices must have the same dimensions. M” M is a 3 x 3 matrix, while M M7T
is a 2 X 2 matrix. Therefore, they cannot be similar. However, they do share the same non-
zero eigenvalues.

(d) Eigenvalues and Eigenvectors of M1 M

To find the eigenvalues ), we solve det(MT M — AI) = 0:

1—A 1 0
1 2-A 1 |=0
0 1 1—A

Expanding along the first row:(1 — A)[(2 — A)(1 — A) — 1] — 1(1 — X) = 0(1 — A\)[N\? —
A1~ (1-A)=01-NA—-30)=0 = - AA—1)(A—3)=0

Eigenvalues: Ay = 3, Ao = 1, A3 = 0.
Eigenvectors:

ForAdy =3:vi=1[1 2 1]T (normalized: % 1 2 1}T)

For Ay = 1: vy = [—1 0 1]T (normalized: % [—1 0 1]T)

ForAdg=0:vz=[1 -1 1]T (normalized: % 1 -1 1]T)

(e) Diagonalize M T M

Since MT M is symmetric, it is diagonalized by MTM = VAVT, where V is the
orthogonal matrix of eigenvectors and A is the diagonal matrix of eigenvalues.



V=12/V/6 0 ~1/4/3

1/v6 1/vV2 1/V/3

(f) Singular Value Decomposition (SVD) of M

o O W
o = O

1//6 —1/v2 1/\/§] l
’ A=

o O O
—

The SVDis A3 = U2><222><3V€31:<3.

U = [Pl...u5|11r+1...un§],V = [&--ﬂ‘l’r—&—l---"r}]

~” ~ ~”

R(A) N(AT) R(AT) Na)

>.: Square roots of non-zero eigenvalues of MTM.o, = \/5, o9 = \/I Thus, X =

V3 0 0

0 1 0|
V': The eigenvectors of MT M found in part (d).

1
1 1 0

v3 = N(A) = ker [0 1 1] = [11]

U: Found via u; = Uinz

wesly t 9 [ave] - [

1/v/6
_;[1 1 0] ”f _{1/ﬁ]
“Z1o 11 yvE| LUve
1/vV6 —1/v2 1/vV371"
Result:M:[l/\/§ _1/\@] [\/g 0 0} 2/v/6 0 —1/4/3
1/v/2 1/y/2 0101/\/6 VE 13



ot Cl-1, 1] be the vector space over R of all continuous functions defined on the interval [—1,1]. Let
{f(z) € C[-1,1]if(z) = ae® + be™ + ce™,a,b,c € R}.
(2 points) Prove that V isa subspace of C[-1,1].
(5 points) Prove that B = {e®, ¢ ¢**} isabasis of V.
(5 points) Prove that B’ = {e® — 2¢%, e” + *® + 2¢%, 3¢** - 63”} is a basis of V.

108-F AH T

(a)

EF$=0e +0e +0e™ eV, .V D,

1EER f(x)=ae* +be’™ +ce” eV, g(x)=le* + me™ +ne™ eV,a eR,

8 of (x) + g(x) = a(ae* +be™ +ce’™)+(le" + me* + ne™)
=(aa+1e" +(ab+m)e™ +(ac+n)e™ eV,

Brih R 61 & Aok e F AR H MM, 8V A C[-11] 89— 8+ Z R’

(b)
e\ 62.1' eh
Wronskiar[e®,e**,e*]=det(| e* 2™ 3&* |)=..=2¢* #0,VxeR,
e* 4e* 9e™
it LA B 7% #7498 3L &
XBAERV, &BAV&#H—EKXE
(c)

% a(e’ —2¢™)+ Ble” +e™ +2e) +y(3e™ +e) =0,

Bl (a + B)e* + (B +3y)e* +(2a+28+y)e* =0,
a+f=0
{2 {e", e, ™} G MEIE .« B+3y=0
-2a+2B+y=0
TR a=F=y=0.
={e* -2e" e +e™ +2¢* 3™ + e} R G M IHILE,
X B () THdim(V)=3,8 B'T AV ah— k&
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3. (10 %) Determine an explicit description of 7(x) using the given basis B and the

matrix representation of 7 respective to B.

e

(Hint: It needs to find the standard matrix of T')

3. [##]
211
4 S=le,e,e} B REGFBEAR B BRI SBR[ ;=L=|1 2 1}
111

2 1 11 2 —1)2 11 1 6 -5
ATl =L BITLE =1 2 1]-1 3 2 )1 2 1| =|-4 4 +5|,
1 1 112 1 241 11 -1 3 1

x x+6y-5z
STy D=l —-4x+4y+5z|
z -x+3y+z
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4. (10%, multiple choice question, no proof needed, points will only be awarded
if all correct answers are selected) The singular value decomposition (SVD)
can be leveraged to factorize a real value matrix A into a product of three
simpler matrices A = UZV', where T denotes transpose operator. Which of
the following statements are correct about the SVD decomposition?

(a) UUT =1
(b) UTU # 1
(c) VT |
(d) VIV =1
(e) VIA" = zUT
(H) ZV' = AUT

(g) The result of performing SVD for a given matrix is unique
(h) rank(A) = rank(¥)

(1) The column vectors of V are eigenvectors of ATA

(i) The row vectors of U are eigenvectors of AA’

<sol> A,D,H,I
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4. (7%) Finda 3x3 symmetric matrix whose eigenvalues are A1 =4, A2 =2, \a =
0 and for which the corresponding eigenvectors are vi = (1, 1, 0)%, v2 = (0, 0, 1)7,
va=(-1,1, 0)",

4. [##]
: 1
{vlavbvs} ﬁJ-EE‘&-:.%, éi—a}_ﬂy» A —_—4'%'1’11’1? +2'1’2V§ 4'0'5‘1’3‘1);‘

1 10 0 0 0 1 -1 0 2 20
=211 1 0[+2/0 0 0|+0-1 1 O|=2 2 O|MmAEAK.

0 0 O 0 0 1 0 0 0 0 0 2



Spectral Decomposition/Eigen-
decomposition

=ik A WE
. ZEHIEEE (A=AT) T
o« 2 Hermitian %EFE ( EE1E T )
Th— A IEA
A = Z AI’_’UI"UiT
Hop -
e )\ BEE

o v EXHEMRENFEHOE

o vl BE iR

= A2 HiEEE (ROEREALE) - 8

A = A vvl + douu® + A3 ssT

BEE
e v,u,s = BfFHOE
[v]| = [lul| = ||s]| =1
o FILIER
o A1, Ao, A3 BHIER eigenvalues

MR v, u, s FEEMQE

I FERAEZZ

VU Uu LY
A=M—Ft+tA—7 + A3+
viv utu s's
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3. (12 points) Find an explicit formula for the reflection operator T, of R? about
the plane W with equation x — 2y + 3z = 0.

1. BOHES
MBEFENSBELEDE u, RFEF Ty JURRA:
Ty (x) = (I — 2uu”)x
Ltk

I ZEE(FEpE,

\

u 2VEN BELEZRE (WEBSREIERES 1) .
uu’ ERFEME, HRBRTEIAEENSHE L,
2. HEEHELSER

F—2: BHZRELIERK

1
FTEHEARSn = |-2|. EREA |n|| = /12 + (-2)2 + 32 = V14,
3

Eitt, BLLEAE u R:

o
u=—|—
Vid | 4
%4 s uu’
e L[ -2 3
uﬂ:ﬂ—zp—zﬂ:ﬁ—24 —6
3 3 -6 9

=i sEryEE H = I — 2uu’



1 0 0 9 1 -2 3
H=(0 1 0 ~ 1 -2 4 -6
0 0 1 3 —6 9
1 0 0 1 1 -2 3
H=(0 1 0 - -2 4 -6
0 0 1 3 —6 9
1 7 0 0 1 -2 3 1 6 2 -3
Hz; 0O 7 0[—-1—-2 4 -6 = 2 3 6
0 0 7 3 —6 9 -3 6 —2
3. E1EZZ (Explicit Formula)
EEEnE ¢y 2] 1%, 85
6x+2y—3z
7
TW y| = 2m+37y+6z
P —3a:+;5y—2z

110 EHK-2

5. (12 points) Find an orthogonal operator 7 on R3 such that T(vy) = wy and

1 L 1 ‘ 2 6
T(vz) = w,, where v =3]2[ v2=3| 1 aW1:%3 and wy = | 2 [
2 —2 6 "l=3

EA:
1 2
’Ul—% 2 ,'UQ—% 1
2 —2
2 6
w1:% 3 ,’lUQI% 2
6 -3



—EEFERERN, FHEMSRIENREMHEN/E—:
££E (Norms):

Jorll = AWV F27 427 = 1, |jwn|| = 1v22 + 37+ 67 = 1 (B&)

o]l = §4/22 + 12+ (=2)2 = 1, [|wa[| = 31/6% + 22 + (=3)? = 1 (&)

F&fa (Dot Product):

vicvp=3(1-242-142-(-2))=0

wycwy = 55(2-64+3-2+6-(=3))=0

MBI B ABBEIFAR[ME4E (Orthonormal sets), BRI ZEREF T WEIFE.

E8: KHE=EEREREE

BTN BN Q, RMFEFIAINE (Cross Product) ki ERTmE EEAISE =(EEE

uMEE,

a8 vg = v X vy

t 7k —6 —2

w,:% 1 2 2 :% 6 :% 2

2 1 -2 _3 1

ATE w3 = wy X ws:
Pk —21 ~3
I A 1 1

w3=-——12 3 6|=—142| =16
Wig 2 —3 o l—14] 7 [—2]

E=i: KERERE T
BPGDEEEE T mE TV =W, HFV = [vy,v,v3] BW = [wq, w, ws],
MR V B W BRIERMER, HEREmEiREsEsaE @V 1=V,

T

vl
T=wvT = [wl Wy wg} vg
U3



e Y

1 2 6 -3 1 1 2 2
6 -3 -2 -2 2 -1

] [(2+12+6) (4+6—-6) (4—12+3)
T=—|(B+4-12) (6+2+12) (6—4—6)
211 6-6+4) (12-3—4) (12+6+2)]

Kl
I

>
ot

1 20 4 -5
T = 21 -5 20 -4
4 5 20

EEERE T BDRFKRIIERE T, ©iF v1, ve BEE wq, wo.
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